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Abstract

In the paper the diffusion approximation solution in the time and spatial domain is discussed with

regard to the active cloud probing. This solution can be used as a base for a retrieval technique which

was demonstrated by developing a space lidar data (the LITE campaign). The obtained results were

compared with one retrieved by a Monte-Carlo based technique showing a good accuracy.

1. Space- and/or time-domain Green functions in the diffusion limit

Consider a homogeneous slab of a scattering and weakly absorbing medium of geometrical

thickness H and optical thickness τH illuminated by a collimated/pulsed laser beam normal to

the boundary plane. This problem can be reduced via Fourier in 2D space and Laplace in time
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transforms to the classic problem of uniform/steady illumination at normal incidence [1]. So

we can use the reflection function

R =

∫

µ<0

I(z, ~r, ~n)|µ|d~n (1)

for the flux from such a slab in the steady state and 1D case may be written in the following

form [2]

R =
sinh[m(H − q)]

sinh[m(H + 4q)]
, (2)

which is accurate up to order m2. Here, we have defined

q =
1

3(s + σ − σsg)
, (3)

m =
√

k2 + γ2, (4)

γ =
√

3(s + σ − σs)(s + σ − σsg) (5)

where g is the asymmetry factor of the phase function, σ and σs are the extinction and scattering

coefficients, respectively; ~k is image variable for the Fourier transform with respect to the 2D

vector ~r = (x, y); and s is the image variable for the Laplace transformation with respect to

time t.

We first transform Eq. (2) to an equivalent but more convenient form for usage further on

R =
∞∑

n=0

{exp [−m(2nY + X)]− exp [−m(2[n + 1]Y −X)]} (6)

where

Y = H + 4q, (7)

X = 5q. (8)
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Now we apply the inverse Fourier transform, considering that

R(..., ~r, ...) =
1

4π2

∫ ∫
R(..., ~k, ...) exp( ~r · ~k)d~k, (9)

R(..., r, ...) =
1

2π

∞∫

0

R(..., k, ...)J0(rk)kdk, (10)

and

e−a
√

k2+b2 = − d

da

e−a
√

k2+b2

√
k2 + b2

, (11)

∞∫

0

e−a
√

k2+b2

√
k2 + b2

J0(rk)kdk =
e−b

√
r2+a2

√
r2 + a2

, (12)

∞∫

0

e−a
√

k2+b2J0(rk)kdk =
ae−b

√
r2+a2

r2 + a2

[
b +

1√
r2 + a2

]
. (13)

As a result, we obtain

R =
∞∑

n=0

{
(2nY + X)e−γ

√
r2+(2nY +X)2

r2 + (2nY + X)2

[
γ +

1√
r2 + (2nY + X)2

]
(14)

−(2[n + 1]Y −X)e−γ
√

r2+(2[n+1]Y−X)2

r2 + (2[n + 1]Y −X)2

[
γ +

1√
r2 + (2[n + 1]Y −X)2

]}
. (15)

Noticing that

∞∑
n=0

(2[n + 1]Y −X)e−γ
√

r2+(2[n+1]Y−X)2

r2 + (2[n + 1]Y −X)2

[
γ +

1√
r2 + (2[n + 1]Y −X)2

]

=
∞∑

n=1

(2nY + X)e−γ
√

r2+(2nY +X)2

r2 + (2nY + X)2

[
γ +

1√
r2 + (2nY + X)2

]
, (16)

we arrive to a simpler form

R =
∞∑

n=−∞

(2nY + X)e−γ
√

r2+(2nY +X)2

r2 + (2nY + X)2

[
γ +

1√
r2 + (2nY + X)2

]

= −
∞∑

n=−∞

(2nY + X)

r

d

dr

e−γ
√

r2+(2nY +X)2

√
r2 + (2nY + X)2

. (17)
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In turn, we now the take the inverse Laplace transformation. Assuming s → 0, we have

q =
1

3(σ − σsg)
, (18)

γ =
√

(s + σ − σs)/q (19)

and

R(..., t, ...) =

c+i∞∫

c−i∞

R(..., s, ...)estds = −e−(σ−σs)t

∞∑
n=−∞

(2nY + X)

r

× d

dr

c+i∞∫

c−i∞

exp

[
−

√
s
q

√
r2 + (2nY + X)2

]

√
r2 + (2nY + X)2

estds. (20)

Using the Baytman’s [3] tables

c+i∞∫

c−i∞

e−
√

asestds =
1

2

√
a

πt3
exp

[
− a

4t

]
(21)

we arrive at

R(..., t, ...) =
e−(σ−σs)t

4
√

πq3t5
e−

r2

4qt

∞∑
n=−∞

(2nY + X) exp

[
−(2nY + X)2

4qt

]
(22)

or

R =
e−(σ−σs)t

4
√

πq3t5
e−

r2

4qt

∞∑
n=−∞

(2n(H + 4q) + 5q) exp

[
−(2n(H + 4q) + 5q)2

4qt

]
. (23)

We now apply the Poisson sum rule (see Appendix), taking into account

1√
2π

∫
x exp

[
− x2

4qt

]
eixωdx = i(2qt)3/2ωe−qtω2

. (24)

This is results in an explicit expression for the space-time Green function

R =
πe−(σ−σs)t

t(H + 4q)2
e−

r2

4qt

∞∑
m=1

m sin

(
π5qm

H + 4q

)
exp

[
−qt

(
πm

H + 4q

)2
]

(25)

which is in essence the off-beam lidar equation. We see that at any given instant the Green

function is a Gaussian in space with an increasing width at half max 2
√

ln 2qt and a decreasing

height or spatial integral.
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Integration over r yields the time-domain Green function

R =
2πqe−(σ−σs)t

(H + 4q)2

∞∑
m=1

m sin

(
π5qm

H + 4q

)
exp

[
−qt

(
πm

H + 4q

)2
]

(26)

of interest in large-footprint lidar problems, as discussed in the next section based on LITE

data. It is clear that Eqs. (23) and (25) provide the dependence of R on t. It is also obvious that

the former is better when H →∞, whereas the latter is more convenient to obtain asymptotic

for finite H and t →∞. Comparing the first term of the corresponding series with the second

one, we can deduce that in Eq. (25) we can keep only the first term in the case of

t >
0.12

q
(H + 4q)2, (27)

whereas in Eq. (23) the first term makes the most contribution if

t <
(H + 4q)(H + 9q)

q
(
5 + ln

[
H+6.5q

2.5q

]) . (28)

Integration over t yields the spatial Green function

R =
π

(H + 4q)2

∞∑
m=1

m sin

(
π5qm

H + 4q

)
K0

(
πmr

H + 4q

)
(29)

of interest, for instance, in radiative smoothing problems [4] as well as the analysis of off-beam

lidar data [5].

2. A more rigorous approach

At this moment our starting point is Eq. (17) which can be written in a simpler form of

R = −
∞∑

n=−∞

(2nY + X)

r

d

dr

e−γ
√

r2+(2nY +X)2

.

√
r2 + (2nY + X)2 (30)

To make the inverse Laplace transformation we assume that

q =
1

3(σ − σsg)
, (31)

γ =
√

3(σ + s− σs)(σ + s− σsg). (32)
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Considering that

c+i∞∫

c−i∞

e−x
√

s2−σs(1+g)+σ2
s gestds =

exp

(
σst

1 + g

2

) [
δ(t− x) + σs

1− g

2
x
I1

(
σs

1−g
2

√
t2 − x2

)
√

t2 − x2

]
(33)

and neglecting the δ-function term as nonphysical, we arrive at

R = −
√

3σs
1− g

2
exp

[
−t

(
σ + σs

1 + g

2

)]

∞∑
n=−∞

d

d(2nY + X)

I1

(
σs

1−g
2

√
t2 − 3r2 − 3(2nY + X)2

)
√

t2 − 3r2 − 3(2nY + X)2
. (34)

This results in

R =
√

27

[
σs

1− g

2

]2

exp

[
−t

(
σ + σs

1 + g

2

)]

∞∑
n=−∞

(2nY + X)
I2

(
σs

1−g
2

√
t2 − 3r2 − 3(2nY + X)2

)

t2 − 3r2 − 3(2nY + X)2
. (35)

The Poisson sum rule then provides us with another form of this formula

R =
2π√

3Y 2
√

t2 − 3r2
exp

[
−t

(
σ + σs

1 + g

2

)] ∞∑
m=1

m sin

[
πmX

Y

]

×

cos


√t2 − 3r2

√
1

3

[πm

Y

]2

−
[
σs

1− g

2

]2

− cos

(πm

Y

√
t2 − 3r2

)

 . (36)

3. LITE data from marine stratocumulus: Retrieval of cloud prop-

erties

All four (!) of the unsaturated returned pulses for LITE’s [6] wide field of view (FOV) during

night orbit # over an extended marine Sc deck are plotted on Fig. 1. Predictions of the diffusion

approximation (DA) employing Eq. (25), taking into account the first 30 terms, are also plotted

together with results using only the first terms of the summations in Eqs. (23) and (25); clearly
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Fig. 1: Four LITE lidar returns as a function of sounding depth (open diamonds).

The DA prediction is shown by a solid black line assuming H = 252 m and (1− g)σ

= 0.012 m−1; hence, τ = σH = 20.2 for g = 0.85. Other choices of the parameters

from Table 1 are in dashed lines. The first term of Eq. (23) is depicted by o-marks

while the first term of Eq. (25) is shown by x-marks. The latter approximation is a

reasonable model for the exponential tail of the pulses.

the latter expression better captures the exponential tail of the temporal Green function. The

DA estimation made assuming H = 252 m and (1− g)σ = 0.012 m−1 is depicted by the black

solid line. Assuming g = 0.85 as usual for water clouds, we estimate the optical depth τ = σH

to be ≈ 20.
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Table 1: Parameters used in DA simulation of LITE pulses

case # σ(1− g) [m−1] H [m]

1 0.0167 230

2 0.0133 246

3 0.0123 252

4 0.0111 259

5 0.0095 270

Additional estimation with parameters enlisted in Table 1 is plotted by cyan-dashed lines.

Within the framework of the DA, there is no way to separate the contribution of the extinction

coefficient σ and the phase function asymmetry parameter g. The figure shows that the DA

reasonably reproduces the shape of the lidar return pulse. The figure also shows that the first

term of either Eq. (23) or of Eq. (25) cannot reproduce alone the observed shape of the lidar

return in contrast to what can be observed in tissue optics. Additionally, Table 1 shows that

the estimation of H can be done with rather high accuracy of ±20 m which is 10% of 250 m.

However, the accuracy of (1 − g)σ is not that good and is about 0.004 m−1 which is 30% of

0.0123 m−1.

This uncertainty analysis is consistent with the conclusions of Devis et al. [7] who used

the same data to estimate the first- and second-order moments of the in-cloud pathlength

λ = ct and compared them with the results of Monte Carlo simulations. Furthermore, the

cloud parameters these authors would have inferred by using the homogeneous (rather than

their preferred stratified) cloud model would be very similar to our present estimates. See their

Fig. 3b reproduced here in our Fig. 2 and our discussion of it in the caption.
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Fig. 2: Fig. 3b from Davis et al. [7] showing two step process for inferring cloud

properties from the first and second moments of λ = ct, the in-cloud photon path,

interpreting the observed LITE returns as a probability distribution. First, the ratio

of the root-mean-square path to its mean is formed, ≈1.4, and used to seek an optical

depth along the horizontal axis; the lower value is rejected because we know a priori

that these clouds are quite opaque (data calibration would support this choice). Then

the selected optical depth τ is used to find the proper ratio of the geometrical cloud

thickness H to the mean path, ≈ 515 m; from there, H is inferred. Two cloud

models are displayed: uniform structure (solid curves), and linear stratification of the

extinction coefficient (symbols). The authors used the latter case to interpret the

LITE data (dashed lines), leading to τ ≈ 10 and H ≈ 380 m. The homogeneous slab

model would lead to τ ≈ 20 and H ≈ 258 m, in good agreement with the present

estimates based on the fitting procedure in Fig. 1.
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Appendix: The Poisson sum rule

A sum of the type

S =
∞∑

n=−∞
f(an + b), (37)

where f(x) is L(2) in the region (−∞,∞) can be evaluated by the following process. If we

define

f+(x) =





0; x < 0,

f(x) x > 0,

, (38)

f−(x) =





f(x); x < 0

0; x > 0

(39)

then

f+(x) =
1√
2π

∞+iτ0∫

−∞+iτ0

F+(k)e−ikxdk. (40)

Because of integrability of f , the constant τ0 can be less than zero. Transform F+(k) is analytic

for τ > τ ′0, τ0 > τ ′0. We also have

f−(x) =
1√
2π

∞+iτ1∫

−∞+iτ1

F−(k)e−ikxdk, (41)

where τ1 > 0 and F+(k) are analytic for τ < τ ′1, τ1 < τ ′1. Consider S as a sum of two parts:

S+ =
∞∑

n=0

f+(an + b) =
1√
2π

∞∑
n=0

∞+iτ0∫

−∞+iτ0

F+(k)e−ik(an+b)dk, (42)

S− =
−1∑

n=−∞
f−(an + b) =

1√
2π

−1∑
n=−∞

∞+iτ1∫

−∞+iτ1

F−(k)e−ik(an+b)dk. (43)
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Because of absolute convergence of integrals, we can exchange sum and integral which results

in

S+ =
1√
2π

∞+iτ0∫

−∞+iτ0

F+(k)e−ikb

1− e−ika
dk, (44)

S− =
1√
2π

∞+iτ1∫

−∞+iτ1

F−(k)eika−ikb

1− eika
dk. (45)

The integrals can be evaluated using Cauchy’s integral formula; the poles occur at zeros of

denominator at k = 2πm
a

where m is any positive or negative integer.

S+ =

√
2π

a

∞∑
m=−∞

F+(
2πm

a
)e−i 2πmb

a , (46)

S− =

√
2π

a

∞∑
m=−∞

F−(
2πm

a
)e−i 2πmb

a . (47)

Finally, we have the Poisson sum rule

S =

√
2π

a

∞∑
m=−∞

e−i 2πmb
a F

(
2πm

a

)
. (48)
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